A Linear System Approach to Serving Gaussian Traﬃc in Packet-Switching
Networks∗
Song Chong
Dept. of EECS
KAIST
Taejon, Korea
song@ee.kaist.ac.kr

Minsu Shin
Dept. of EECS
KAIST
Taejon, Korea
msshin@netsys.kaist.ac.kr

Abstract— We present a novel service discipline, called
linear service discipline, to serve multiple QoS queues sharing a resource and analyze its properties. The linear server
makes the output traﬃc and the queueing dynamics of individual queues as a linear function of its input traﬃc. In
particular, if input traﬃc is Gaussian, the distributions of
queue length and output traﬃc are also Gaussian with their
mean and variance being a function of input mean and input power spectrum (equivalently, autocorrelation function
of input). Important QoS measures including buﬀer overﬂow probability and queueing delay distribution are also
expressed as a function of input mean and input power
spectrum. This study explores a new direction for networkwide traﬃc management based on linear system theories by
letting us view the queueing process at each node as a linear ﬁlter.

I. Introduction
As link speed increases, the number of ﬂows to be aggregated into a single link increases. This fact naturally
makes us invoke the central limit theorem and conjectures
that aggregated traﬃc is more likely to be Gaussian as
degree of aggregation becomes higher. In contrast with
this conjecture, it is reported that not only the current
IP traﬃc but also video traﬃc (which might dominate
the future IP traﬃc) are self-similar [1]-[3], which implies
that real IP traﬃc could have a heavy-tailed distribution
which are not well characterized by a Gaussian distribution. The question remains as follows: do we really have
to give up modeling traﬃc as a Gaussian process for the
sake of accuracy? The practical answer seems to be no as
long as a Gaussian process characterizes aggregated trafﬁc with reasonable-degree of accuracy. In particular if we
consider the current eﬀorts toward IP QoS such as DiﬀServ [4], QoS diﬀerentiation is much more important than
exact QoS guarantee which naturally implies that traﬃc
characterization with reasonable-degree of accuracy might
be tolerable as long as it does not prohibit us diﬀerentiat∗
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ing QoS.
Suppose that input traﬃc on a link is a stationary Gaussian process. The question we raise in this paper is as
follows. Is there a service discipline which is linear such
that Gaussian property of traﬃc stays intact as it travels
through the queue and the corresponding queueing performance including queue length distribution, overﬂow probability and delay distribution can be easily analyzed based
on linear system theories? Queueing dynamics in a typical single queue system with a ﬁxed service capacity is
nonlinear because the queueing process repeats idle and
busy periods. As a result, the analysis of the queueing
process and departure process is no longer trivial and the
analysis, even if it exists, can hardly be extended to the
network-wide queueing problem. A signiﬁcant number of
service disciplines have been proposed to serve multiple
queues with QoS guarantee or QoS diﬀerentiation [5]-[10].
In turns out that none of them makes the queueing dynamics be linear because each queue inevitably repeats
idle and busy periods in them.
We propose a new service discipline, we call it linear service discipline, to serve multiple QoS queues. It is adaptive such that the service rate allocated to each queue is a
linear function of its input traﬃc. We show that the linear
server makes both queueing process and departure process
(output traﬃc) of individual queues be a linear function of
its input traﬃc. As a consequence, the statistics of queue
length, delay and output traﬃc can be readily expressed
as a function of input traﬃc statistics. In particular, we
show that if input traﬃc is Gaussian, the only statistics
to be measured for the calculation of QoS are input mean
and input power spectrum (equivalently, autocorrelation
function of input).
II. Network Design
A. Queueing Architecture and Gaussian Input
In this subsection we describe our assumptions on
queueing structure on an output link and input traﬃc fed
into these output queues. As shown in Figure 1, we assume that there are logically-divided N QoS queues and
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ai(t) = αiai(t-1)+(1-αi)ai(t)

by a low-pass ﬁlter
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s1(t)= a1(t)

ai(t)

i=1

Gaussian a2(t)

...

s2(t)= a2(t)

C

αN

Admission control
N

Gaussian aN(t)

Pr[ i=1ai(t)>C] < ε
N

sN(t)=aN(t)
Best-effort traffic

or

Pr[ i=1ai(t)>C] < ε
N

sN+1(t)= C - i=1ai(t)
Fig. 1. Network Node Model

a best-eﬀort queue for each output link. Such a queueing structure is fairly standard in modern QoS-capable
switch/router design since its per-class queueing structure can scale with increasing number of ﬂows in terms
of scheduling complexity. More importantly, by aggregating input ﬂows with identical QoS requirement into a
single queue, the aggregated input traﬃc could exhibit
more controllable and measurable statistics. For example,
it is more likely to be a Gaussian process by the central
limit theorem [11] as the number of ﬂows to be aggregated
increases. A representative example of such a per-class
queueing structure is that of the DiﬀServ model for IP
QoS [4].
Let ai (t) be the number of packets (or bytes) arriving
at the i-th QoS queue in the time interval [t, t +1). By appealing to the central limit theorem, we assume that ai (t)
is a stationary Gaussian process whose time-independent
statistics are simply characterized by two parameters, its
mean and variance. The time-dependent statistics of
ai (t) can be characterized by higher-order statistics including the autocorrelation function of the traﬃc, i.e.,
E[ai (t)ai (t + τ )].
In practice, the distribution of ai (t) tends to be more
Gaussian as the length of measurement interval [t, t + 1)
increases but at the cost of ﬁltering out the short-term
dynamics of packet arrivals.

âi (t) = αi âi (t−1)+(1−αi )ai (t), 0 < αi < 1, âi (−1) = 0.
(1)

For the best-eﬀort queue, sN +1 (t) = C − N
i=1 âi (t), ∀ t,
where C is the capacity of output link. That is, the besteﬀort queue consumes the capacity unused by the QoS
queues.
The deﬁning feature of the proposed service discipline
is that the service rate to be allocated to each queue is
adaptive in time and purely a function of the input traﬃc
fed into the queue.
In order to ensure each QoS queue to be served by the
amount si (t) for all times, it is necessary to have an adN
mission rule such that Pr
<  where
i=1 âi (t) > C
 is a suﬃciently small positive number. The proposed
service discipline, we call it linear service discipline, is
non-work-conserving. Suppose that there is no best-eﬀort
queue. Then,
 the QoS queues are to be served by the
amount of N
i=1 âi (t) in overall and the remaining capac
ity C − N
i=1 âi (t) is to be wasted whether or not the QoS
queues are all idle. In general, a work-conserving server
serves more packets than a non-work-conserving server for
a same capacity whereas by allowing only eligible packets
to be served, a non-work-conserving server can control the
packet stream more tightly than a work-conserving server.
As will be shown in the next section, the proposed linear
server is able to control traﬃc such that Gaussian property of the traﬃc stays intact as it travels through the
node and consequently through the entire network.
Let qi (t) be the queue length of i-th QoS queue at time
t. Then, the dynamics of qi (t) is given by
qi (t + 1) = [qi (t) + ai (t) − âi (t)]+

(2)

B. Service Discipline

where [x]+ = max[0, x].
The coeﬃcient αi determines the degree of low-pass ﬁltering. It is easy to show that the cutoﬀ frequency of the
low-pass ﬁlter (1), denoted by fc in Hertz, satisﬁes that
−1)2
cos(2πfc ∆) = 1 − (αi2α
where ∆ denotes the unit time
i
in seconds by which the discrete time in our model is deﬁned. As αi → 1, fc → 0, i.e., the passband of the ﬁlter
becomes narrower.


N
The admission rule Pr
<  can be
i=1 âi (t) > C


N
loosened to Pr
<  at the cost of ini=1 ai (t) > C
creased ﬂow blocking probability. It is obvious that the
latter condition implies the former condition because both
ai (t) and âi (t) are Gaussian with identical mean and the
variance of âi (t) is less than or equal to that of ai (t).

Let si (t) be the service rate of i-th queue at time t.
That is, si (t) denotes the number of packets (or bytes)
to be served in the time interval [t, t + 1). We propose
a new service discipline as follows. For the QoS queues,
si (t) = âi (t), ∀ t, i = 1, · · · , N , where âi (t) is computed

In this section we show that both queue length and output traﬃc at each QoS queue are Gaussian provided that
input traﬃc is Gaussian. Moreover, the mean and variance
of both queue length and output traﬃc are given explicitly

III. Network Analysis
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as a function of the mean and power spectrum (equivalently autocorrelation function) of input traﬃc. Similarly,
the queueing delay distribution and buﬀer overﬂow probability at each QoS queue are shown to be an explicit
function of the mean and power spectrum of input traﬃc.
For the sake of simplicity we omit the subscript i to
denote i-th QoS queue in the following sections.
A. Queueing Process
We evolve q(t) in time recursively according to (1) and
(2), starting with q(0) = 0. Then, we get at time t
q(t)

=

[q(t − 1) + a(t − 1) − â(t − 1)]+

=

αt a(0) + αt−1 a(1) + · · · + αa(t − 1).

(3)

Note that the queue length at time t is sum of arrivals in
the past up to time 0 with geometrically decaying weights.
This expression reveals two important facts. First, q(t) is
a Gaussian random variable. Second, q(t) > 0 for t >
0, i.e., the queue never becomes idle. Two immediate
implications of the latter is that the departure rate at
time t is equal to â(t) and the queue dynamics are linear,
i.e., (2) becomes
q(t + 1) = q(t) + a(t) − â(t),

∀ t > 0.

(4)

Queueing dynamics in a conventional queueing system
with a ﬁxed capacity is nonlinear because the queueing
process repeats idle and busy periods. As a result, the
analysis of the queueing process and the departure process
is no longer trivial and the analysis, even if it exists, can
hardly be extended to the network-wide queueing problem. In contrast, by employing the linear service discipline, the network node can be viewed as a linear system
and provided that input traﬃc is Gaussian, the queueing
process is also Gaussian and the output traﬃc is simply
a low-pass ﬁltered version of input traﬃc and so Gaussian too. This fact indicates that rich linear system theories can easily be applied to the analysis of network-wide
queueing problem.
Next we derive the mean and variance of the Gaussian queueing process. Let q̄, σq2 and ā denote respectively the mean and variance of q(t) and the mean of a(t)
in the steady
state. Then, q̄ = limt→∞ E [q(t)], σq2 =

limt→∞ E (q(t) − E[q(t)])2 and ā = limt→∞ E [a(t)].
Using these deﬁnitions and (4), we can readily get
α
q̄ =
ā
1−α

the Discrete Fourier Transform(DFT) of its autocorrelation function.
This result implies two things. First, the Gaussian distribution of the queueing process is completely characterized by mean and power spectrum of the input traﬃc for
a given α. Second, the mean and variance of the queueing
process can be controlled as desired by properly choosing
α for given input traﬃc.
Many techniques are available to estimate input mean
and input power spectrum from on-line measurements.
One of them will be presented in Section IV and used
in simulation studies.
B. Overﬂow Probability
Once we know the distribution of the queueing process,
we can readily estimate buﬀer overﬂow probability for a
given buﬀer size B. To do this, we invoke the so-called
Chernoﬀ bound [11] so that
Pr[q > B] ≤ e−θB E[eqθ ], θ > 0

(7)

where E[eqθ ] is the moment-generating function of q.
Since q is a Gaussian random variable, it is easy to show
that ln E[eqθ ] = q̄θ + 12 σq2 θ2 . Therefore, the tightest bound
is given by
ln Pr[q > B] ≤ min{−θB + q̄θ +
θ>0

1 2 2
σq θ }.
2

(8)

Since the right-hand side of the inequality has the minimum at θ = B−q̄
, we have the following large deviations
σ2
q

approximation [12] for overﬂow probability
ln Pr[q > B] ∼ −

(B − q̄)2
.
2σq2

(9)

Solving this for B, we know that the buﬀer requirement
for a target overﬂow probability is given by
B ∼ q̄ + Kσq

(10)



where K = −2 ln Pr[q > B].
A reﬁned large deviations approximation [12] gives
ln Pr[q > B] ∼ −

(B − q̄)2
σq
+ ln( √
).
2σq2
2π(B − q̄)

(11)

(5)

and
 π
α2
1 − α2
Pa (Ω)
dΩ − q̄ 2 (6)
2
2
π(1 − α ) 0
1 + α − 2α cos Ω

−jΩτ
is the power
where Pa (Ω) = ∞
τ =−∞ E [a(t)a(t + τ )] e
spectrum of input traﬃc a(t). Recall that the power spectrum of a discrete-time stationary stochastic process is

In this case, K√can be found by numerically solving K 2 +
2 ln(Pr[q > B] 2πK) = 0.
Another approximation found in the literature [13] is

σq2 =

ln Pr[q > B] ∼ −

and K =
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√
(B − q̄)2
− ln( 2π)
2
2σq

√
−2 ln Pr[q > B] − ln( 2π).

(12)

A(t)

Let r̄τ and σr2τ respectively denote the mean and variance
of rτ (t) ≡ A(t) − Â(t + τ ) in the steady state. Then, we
can readily show that the following relationship holds.

d(t)
A(t+τ)

τ

r̄τ = q̄ − τ ā = (
and
t

σr2τ =

time

t+τ

Fig. 2. Delay experienced by an arrival in the system

M (Ω) =

Since the queue becomes never idle, the departure
¯ and σâ2 derate at time t is equal to â(t). Let â
note respectively the mean and variance of â(t) in the
¯ = limt→∞ E [â(t)] and σâ2 =
steady state.
Then, â


limt→∞ E (â(t) − E[â(t)])2 . We evolve â(t) in time recursively according to (1), starting with â(−1) = 0. Then,
we get at time t
â(t) = αt (1 − α)a(0) + αt−1 (1 − α)a(1) + · · · + (1 − α)a(t),
(13)
which obviously implies that â(t) (and hence the departure
rate at time t) is Gaussian. By comparing (13) with (3),
we immediately get the following relationship
1−α
â(t) =
q(t + 1).
(14)
α
Therefore, we conclude from (14), (5), (6) that

π

Pa (Ω)M (Ω)dΩ − r̄τ2

(21)

0

(15)

+

1 − α2
1+
− 2α cos Ω
α2

cos Ωτ − cos Ω(τ − 1)
α
−τ
1−α
1 − cos Ω
2(1 − cos Ω)(1 − τ cos Ω(τ − 1) + (τ − 1) cos Ωτ )
+
3 − 4 cos Ω + cos 2Ω
ατ +1 1 − α2 − 2α−τ cos Ωτ + 2α−(τ +1) cos Ω(τ − 1)
.
1−α
1 − 2α−1 cos Ω + α−2

By invoking Chenoﬀ bound and using large deviations approximation [12] based on it, we have the following approximation for Pr[d > τ ].
ln Pr[d > τ ] = ln Pr[rτ > 0] ∼ −

r̄τ2
.
2σr2τ

(22)

Note that in our model d is a discrete-valued random variable. Using (17) and (22) we obtain the following approximation for the distribution of d.

1−α 2 2
) σq
α
 π
(1 − α)2
1 − α2
=
Pa (Ω)
dΩ − ā2 .
2
2
π(1 − α ) 0
1 + α − 2α cos Ω
(16)

D. Delay Process

α2
1 − ατ
−α
2
1−α
1−α
+

σâ2 = (

Pr[d = τ ]

=

Pr[d > τ − 1] − Pr[d > τ ]

(23)

=

Pr[rτ −1 > 0] − Pr[rτ > 0]

(24)

∼

r̄ 2 −1
− τ
2
2σr
τ −1

e

r̄ 2
− τ
2
2σr
τ

−e

.

(25)

Using Little’s theorem and (5),

Let d(t) be the delay experienced by an arrival at time
t in the system. Then, as shown in Figure 2, the following
relationship holds for a given constant τ .
Pr[d(t) > τ ] = Pr[A(t) − Â(t + τ ) > 0]
(17)
t−1
t−1
where A(t) =
k=0 a(k) and Â(t) =
k=0 â(k). This
implies that the probability that a packet arriving at time t
leaves the system after time t+τ is equal to the probability
that the random variable A(t) − Â(t + τ ) is greater than
0. Since a(t) and â(t) are Gaussian, A(t) − Â(t + τ ) is also
a Gaussian random variable. Some manipulation gives
t+τ −1

A(t) − Â(t + τ )



(20)

where

C. Departure Process

¯ = 1 − α q̄ = ā
â
α

1
π

α
− τ )ā
1−α

=

q(t) −

â(k)

(18)

k=t
t+τ −1

=

q(t + τ ) −

a(k).
k=t

(19)

α
q̄
.
d¯ = =
ā
1−α

(26)

Interestingly, α solely determines mean delay in the system irrespective of input traﬃc characteristics.
E. Admission Control
In order to ensure each QoS queue to be served by the
amount âi (t) for all times, it is necessary to have an adN
mission rule such that Pr
<  where
i=1 âi (t) > C
 is a suﬃciently
number. The admis small positive

N
sion rule Pr
â
(t)
>
C
<
 can be loosened to
i
i=1


N
Pr
<  at the cost of increased ﬂow
i=1 ai (t) > C
blocking probability. It is obvious that the latter condition implies the former condition because both ai (t) and
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IV. Traffic Measurement
In the previous sections we found that the only statistics
to be measured for the calculation of QoS measures of
interest are input mean and input power spectrum. In this
section we present an estimator that we used in simulation
studies for the estimation of these statistics.
A. Input Mean
For M samples, we estimate input mean by
1
M

M −1

a(n).

(30)

n=0

B. Input Power Spectrum
For the power spectrum estimation, we use Welch’s
method [14] instead of well-known periodogram method
to acquire a more consistent estimate. For M samples,
Pa (Ω) =

1
KLU

K−1 L−1
i=0

n=0

2

w(n)a(n + iD)e−jΩn

(31)
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Note that S̄ and σS2 are directly measurable from input
¯
traﬃc and Ŝ = S̄ and if αi = α for all i,

2α(1 − cos Ω)
1 π
PS (Ω)
dΩ
(29)
σŜ2 = σS2 −
π 0
1 + α2 − 2α cos Ω

where PS (Ω) is power spectrum of N
i=1 ai , which is also
measurable from input traﬃc.
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Fig. 4. Comparison of simulation results and analysis: (a) mean
queue length, (b) queue length variance, (c) output mean, (d) output variance, (e) mean delay, (f) delay variance

where M = L + D(K − 1), U =
use Hanning window for w(n).

1
M

M −1
n=0

|w(n)|2 and we

V. Simulation Results
In order to verify the analytic results, we simulate a
single queue system served by the linear server. We assume that the buﬀer size is inﬁnite and the packet size
is constant. Three types of input traﬃc are used. Trafﬁc A is the superposition of 100 homogeneous, discretetime ON-OFF sources whose source activity factor is 0.5
and the rate in ON state is 0.4 [packets/∆]. Then, one
can easily show that this traﬃc has a binomial distribution with mean and variance being 20 [packets/∆] and 16
[packets2 /∆2 ], respectively. Recall that if the number of
ON-OFF sources superposed is large, the binomial distribution tends to be a Gaussian distribution [11]. Traﬃc B
is the aggregation of Traﬃc A and another superposition
of 400 homogeneous ON-OFF sources whose activity factor is 0.4 and the rate in ON state is 0.125 [packets/∆].
Then, the distribution of Traﬃc B is a convolution of two
diﬀerent binomial distributions, which again tends to be a
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that the mean delay is independent of traﬃc types and is
increasing with respect to α as indicated by (26), whereas
the delay variance depends on traﬃc types.
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The queue length distribution and output distribution
obtained from the simulation are shown in Figures 5 a, b
for Traﬃc B when α=0.80. As expected, both distributions are very close to a Gaussian distribution with the
same mean and variance. The trace of the corresponding
queue length is also shown in Figure 5 c, which conﬁrms
that the linear server never makes the queue idle. Finally, through simulations we ﬁnd the buﬀer requirement
B = q̄ + Kσq as a function of target overﬂow probability. Note that q̄ and σq are ﬁxed for given input traﬃc
and α. As shown in Figure 5 d, the simulation results
agree quite well with the analytical approximations given
by (10), (11) and (12).

Overflow Probability

References

(d)

Fig. 5. Comparison of simulation results and analysis (Traﬃc B,
α=0.80): (a) queue length distribution, (b) output distribution, (c)
queue length trace, (d) buﬀer requirement

Gaussian distribution by the central limit theorem if the
number of sources superposed is large. Traﬃc C is 10second long real Internet traﬃc collected by NLANR [15].
For Traﬃc C, we let ∆=1 [ms] and packet size be 40 bytes
which is its average packet size. Then, the mean and variance of the Internet traﬃc appears to be 51.6 [packets/∆]
and 533.0 [packets2 /∆2 ]. The distribution of the Internet
traﬃc is compared with a Gaussian distribution with the
same mean and variance in Figure 3.
In Figure 4, we compare simulation results with analysis with respect to the mean and variance of queue length,
output traﬃc and packet delay in the system. In the
analysis of Traﬃc A and B we use the true input mean
and input power spectrum derived from the traﬃc model
whereas in the analysis of Traﬃc C we use the measured
input mean and input power spectrum obtained by the estimators (30) and (31). In overall, the simulation results
agree with the analysis almost perfectly irrespective of the
value of α, which conﬁrms that all three types of traﬃc
we used in the simulation tend to be Gaussian so that
the queue length and output traﬃc tend to be Gaussian.
Figures 4 a, b show that the mean and variance of the
queue length increase as α increases, i.e., the passband of
the server becomes narrower, as indicated by (5) and (6).
Figures 4 c, d show that the output mean is equal to the
input mean (20 [packets/∆] for Traﬃc A, 40 [packets/∆]
for Traﬃc B and 51.6 [packets/∆] for Traﬃc C) irrespective of α whereas the output variance decreases as α increases, i.e., the passband of the server becomes narrower,
as indicated by (15) and (16). Finally, Figures 4 e, f show
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