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ABSTRACT

General Terms

We present an edge-to-edge ﬂow control scheme which enables an ISP to achieve weighted max-min fair bandwidth allocation among all source-destination pairs on a per-aggregate
basis within its network. The motivation behind the scheme
is the absence of per-aggregate ﬂow control in the current
Internet, resulting in inability to enforce a certain fairness on
source-destination ﬂows. The proposed ﬂow control scheme
is hierarchical in that in the upper layer weighted max-min
ﬂow control is implemented and acting on a per-aggregate
and edge-to-edge basis and in the lower layer TCP ﬂows belonging to a source-destination ﬂow share its per-aggregate
bandwidth allocated by the upper layer in their normal way.
Thus, the scheme requires neither modiﬁcation nor replacement of TCP congestion control. The distributed algorithm
to compute weighted max-min fair rates is based on PI control. It is scalable in that the computational complexity
imposed on each link is O(1), i.e., independent of number of
aggregate ﬂows travelling through it, stable in that it converges asymptotically to the desired equilibrium satisfying
the minimum plus weighted max-min fairness, and has explicit link buﬀer control in that the buﬀer occupancy of every
bottlenecked link in the network asymptotically converges to
the pre-deﬁned value. By appealing to the Nyquist stability criterion, we mathematically prove the asymptotic stability of the algorithm in presence of aggregate ﬂows with
diﬀerent round-trip delays. Through extensive simulations
we demonstrate the eﬀectiveness of the proposed scheme in
controlling per-aggregate ﬂows.
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1.

INTRODUCTION

As the current Internet is becoming omnipresent infrastructure with the wide spread of both business and residential Internet access and experiencing a commercially rapid
growth despite its simple best-eﬀort service, Internet service
providers(ISPs) feel strong needs for Internet qualities of service(QoS) to provide their customers with more enhanced
and diﬀerentiated services than the conventional best-eﬀort
service without any sort of guarantees. Accordingly, providing QoS, especially service diﬀerentiation, for the Internet
has been an active research theme in recent years.
In this paper, we propose a new edge-to-edge aggregate
ﬂow control scheme in order to support diﬀerent levels of
service as a basis of the Intenet QoS. Basically, It provides
relative QoS for aggregate traﬃc streams or aggregate ﬂows
rather than individual ﬂows. An aggregate ﬂow consists
of many individual ﬂows initiated by customers’ hosts and
servers. Fundamentally, it is an aggregation of IP traﬃc
streams that are grouped together for the same routing and
service diﬀerentiation between two edge nodes in a network.
For example, It is the entire traﬃc sent or received by all
users of a customer network, such as at a campus network
or corporate network. Once the aggregation is done, the
proposed scheme treats the aggregate ﬂow as a single ﬂow
within the network. It is important for ISPs to provide different levels of service and provide contracted QoS for aggregates, as their QoS commitments to customers are likely
to be at the aggregate level rather than for individual ﬂows.
To support such diﬀerentiated services, the proposed scheme
can handle multiple aggregates through ﬂow classiﬁcation,
per-aggregate queueing, and per-aggregate rate control at
the network edges.
In the proposed scheme, only edge nodes operate state
management and ﬂow handling at aggregate level, but the
network core doesn’t any of them. In other words, our
scheme implements stateless-core approach, like [16, 14], in
that no per-aggregate ﬂow state is maintained at the network core. Besides, it places only simple functionality within
the network core, with more complex operations being implemented at the edge of the network. It also pushes the

Categories and Subject Descriptors
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interior network congestion out to the network edges, and
then QoS issues such as queueing, bandwidth sharing, packet
loss, packet delay are all carried to the edge, allowing the
network core to operate using stateless mechanisms. It reduces the number of unnecessary retransmission in the user
TCP ﬂows and avoid congestion collapse in the network.
In this paper, we deﬁne the problem of aggregate ﬂow
control as how to allocate available bottleneck bandwidth
shared by multiple aggregate ﬂows to each of them based
on the fairness scheme. Naturally, a hierarchical ﬂow control scheme is achieved because the aggregate ﬂow control
determines the bandwidth allocated to an aggregate, and
then end-to-end user ﬂows running congestion control algorithm(e.g., TCP ﬂows) at the end systems are assigned their
fair bandwidth shares within the given link bandwidth. The
aggregate ﬂow control scheme can be eﬀectively applied to
ISPs’ network and corporate network at the ﬁrst stage of
QoS provision.
The proposed scheme adopts the rate-based closed loop
control approach for the aggregate ﬂow control. Edge-toedge closed loops are established between ingress edges and
egress edges in a network, and then virtual links (VLs) are
set up by the closed loops. A VL is regarded as a dedicated circuit or path such as an ATM virtual channel(VC),
a Frame Relay permanent virtual circuit(PVC), a MPLS label switched path(LSP), etc. It can also be a routing path
determined by the routing algorithm between pair-edges in
that it is not likely to change frequently. A VL transports
data packets at a rate dynamically determined by the ﬂow
control algorithm. Certainly, it is possible to set up multiple
VLs within an edge, and those VLs can be associated with
diﬀerent egress edges. The VL is elastic in the sense that
the data transfer rate is adjusted depending on the available
bandwidth at the network. The rate-based closed-loop control uses feedback information from the network to control
the transmission rate of each VL. The feedback information
from the network is an explicit rate carried by special control
packets.
As the core part of the proposed scheme, we present a
simple, scalable, and stable explicit rate based ﬂow control algorithm for the weighted max-min ﬂow control of
elastic traﬃc services with minimum rate guarantee. The
proposed algorithm is simple in that the number of operations required to compute ER algorithm at a node is
minimized, scalable in that per-aggregate operations including per-aggregate queueing, per-aggregate accounting, and
per-aggregate state management are virtually removed, and
stable in that by employing it, the transmission rates of
VLs and network queues are asymptotically stabilized at a
unique equilibrium point at which weighted max-min fairness with minimum rate guarantee and target queue lengths
are achieved.
The rest of this paper is organized as follows. Section 2
presents the overall scheme for aggregate ﬂow control. Section 3 describes the explicit rate ﬂow control algorithm. A
simulation study and analysis of the proposed scheme are
presented in Section 4. The deploy issues and further work
are discussed in Section 5. Finally, we conclude the paper
with section 6.
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Figure 1: Overview of edge-to-edge aggregate ﬂow
control scheme.
of as a concatenation of heterogeneous network clouds. We
assume our scheme is applied to a network cloud which consists of ingress and egress edge nodes at the boundary of
the network and core nodes at the network interior. For
example, as illustrated in Figure 1, our scheme is deployed
to the ISP’s network which provides diﬀerent levels of service to customer networks, which include many hosts such
as servers and clients for ﬁle transfer, HTTP, and streaming. Another example is a network service provider(NSP)’s
network which provide contracted transport service to their
ISPs. In both cases, the guaranteed and fair bandwidth allocation may be very signiﬁcant issues. We believe our scheme
is appropriate to solve the problem.
The ingress edge nodes aggregate end-to-end user ﬂows,
such as TCP and UDP ﬂows, having the same ingress-egress
edge pair into a separate VL according to ISP’s service policy. An ingress edge node maintains multiple VLs in connection with several egress edge nodes. Over these VLs, control
packets are transmitted by the ingress edge nodes into the
network together with user data packets and travel along
the forward path down to the egress edge nodes and then
are returned to the ingress edge node along the backward
path, which may not be same with forward path. F orward
control packets are those ﬂowing from the ingress edge node
to the egress edge node while backward control packets are
those returning from the egress edge node to the ingress edge
node.

2.1

Node Functional Architecture

Figure 2 illustrates the functional architecture of an edge
node handling multiple aggregate ﬂows(AFs), and a core
node, respectively. In the architecture, all the nodes use
FIFO queueing and drop-tail packet discard policy, which
are most commonly used in the Internet. According to some
set of pre-deﬁned rules, incoming user ﬂows are classiﬁed
into diﬀerent aggregate ﬂows based on the contents of their
packet header, which include source and destination address,
protocol ID, source and destination port numbers, and other
information such as input interface. The aggregate ﬂow is
mapped onto a VL. The classiﬁed user ﬂows are multiplexed
to be a single aggregate ﬂow and then wait for forwarding
into an output queue in the per-aggregate queue, which is
an input queue at the input port.
The Rate Control Unit(RCU) regulates the transmission

2. OVERALL FLOW CONTROL SCHEME
In this section, we describe overall edge-to-edge aggregate
ﬂow control scheme in detail. The Internet can be thought
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ness. Recently, the weighted max-min fair bandwidth allocation was studied by several research works [18, 19, 8] and
employed in the QoS architecute researches[14, 16].
In our scheme, the available bandwidth of a bottleneck is
allocated fairly among the competing aggregate ﬂows based
on the weighted max-min fairness, which enables ISPs to
provides their customer with ﬁne-grained service diﬀerentiation. More speciﬁcally, the minimum guaranteed rates(MGRs)
of all the aggregate ﬂows passing through a bottleneck link
are guaranteed and the excess bottleneck bandwidth, excepting the sum of all the MGRs but including the unused
bandwidth, is distributed in an weighted max-min sense.
The fair share of each aggregate ﬂow is the sum of a MGR
and the weighted portion of the excess bottleneck bandwidth.
Each aggregate ﬂow has an weight associated with its class
of service and the excess bottleneck bandwidth proportional
to their weights is distributed among competing ﬂows. We
don’t place limits on the range of the discrete weights that
can be supported. If all the weights are equally assigned(e.g.,
all 1s), max-min fair bandwidth allocation is achieved.
The weighted max-min fair bandwidth allocation is simply obtained by regulating the transmission rate of each VL
using its AFR. Upon receipt of backward control packet at a
time t, the common explicit rate from the network is notiﬁed
and AFR for VL i is computed as follows.
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Figure 2: The functional architecture of an edge
node, and a core node, respectively.
rate of the aggregate ﬂow using the allowed ﬂow rate(AFR)
value. The AFR is the rate at which a VL is allowed to send.
The regulated aggregate ﬂow are directly forwarded into an
output queue via the switching fabric and transmitted into
the network without any loss and delay if the output link is
not a bottleneck. In practice, multiple aggregate ﬂows may
be forwarded into an output queue. It is possible for their
bottlenecks to be diﬀerent because of their diﬀerent routing
paths or diﬀerent destination nodes. If the incoming traﬃc
from all the aggregate ﬂow arrives at a higher rate than the
output link capacity, the output link is source-bottlenecked,
what we call. The explicit rate ﬂow control algorithm is
employed in the output queue of the edge node to solve the
problem.
The Rate Estimator measures the actual output rate of
RCU, what we call current ﬂow rate(CFR). we use exponential averaging to estimate the rate. The estimated rate
is updated periodically. The FCA generate a control packet
each time NCP bytes of Data is transmitted, where we deﬁne NCP as the bytes number of data transmitted between
two adjacent control packets, and determines the AFR value
using the common explicit rate(CER) value carried by backward control packet, as detailed in Section 2.2.
In the core node, the explicit rate ﬂow control algorithm
is implemented at the output port, like the edge node. It
consists of two functionality, a ER Computation Unit(ECU)
and a |Q|w estimator. Their algorithms are described in
detail in Section 3.5 and Section 3.6, respectively.
The ECU periodically computes the common explicit rate.
The ECU intercept a control packet from the incoming trafﬁc and updates the control packet’s CER ﬁeld. All the control packet is updated by the same CER value no matter
which aggregate ﬂow each of them belongs to. The |Q|w estimator estimates at the periodic time interval the weighted
number of locally-bottlenecked VLs on a bottleneck link,
which is used by ECU for calculating CER. |Q|w estimator
and ECU can be easily added to the nodes.

AF Ri (t) = min[P F Ri , wi CERi (t) + M GRi ]

(1)

where wi denotes the predetermined weight of the VL i,
CERi denotes the value in the CER ﬁeld of the control
packet, M GRi and P F Ri respectively denote the minimum
guaranteed rate and the peak ﬂow rate(PFR) of the VL i.
The PFR is the maximum rate at which the VL is allowed
to send.
By the above simple source operation together with the
next explicit ﬂow control algorithm, we can make sure that
the rates of all the VLs converge to the weighted maxmin fair bandwidth allocation. Concurrently, the bottleneck
queues are stabilized at the target queue length and there is
no drop in the core nodes.

3.

EXPLICIT RATE FLOW CONTROL ALGORITHM

In this section, we present the distributed algorithm to
compute common explicit rate, which is the core part of the
our scheme. We construct a new common ER allocation
algorithm on a solid analytical basis and the novelty of our
proposed algorithm is an explicit control of both rate and
queue dynamics.
Benmohamed and Meerkov in their pioneering work [4]
formulated the rate-based ﬂow control problem as a discretetime feedback control problem with delays. Based on this
formulation, they derived a control-theoretic ER allocation
algorithm which not only achieves asymptotic stability of
the closed-loop system but also allows for arbitrary control
of the closed-loop performance. Its complete controllability
of the closed-loop performance, however, comes at a high
cost. That is, it requires long memory of the queue lengths
and the ER values at present and in the past, and requires a
large number of ﬂoating point multiplications every discrete
time slot. Therefore, its practical use is limited as the roundtrip delay increases [12].

2.2 Weighted max-min Fair Bandwidth Allocation
In the bandwidth allocation scheme, fairness is always important issue. max-min fairness is one of the most wellknown concept and discussed in many literatures. Fairness
with minimum rate guarantee was discussed in [9]. Weighted
max-min fairness is a generalized extension of max-min fair3
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Figure 3: Network model with a bottleneck node of
interest.
We take a diﬀerent approach. We aim to design an ER
allocation algorithm which allows for low degree of implementation complexity but with an acceptable level of control rather than arbitrary control for the closed-loop performance. More speciﬁcally, we trade oﬀ the capability of arbitrary control of the closed-loop performance for low degree
of implementation complexity by removing the long memory of past queue lengths and ER values. Our proposed
discrete-time algorithm is as follows.
r[k + 1] = r[k] −

riw (t) = wi r(t) + mi ,

∀i∈N

(3)

bw
i (t) = wi b(t) + mi ,

∀i∈N

(4)

and
where wi and mi denote a weight value and the minimum
data rate which VL i guarantees(i.e., MGR), respectively.
The value of wi and mi is available from either the control
packet being arrived or the MGR table being maintained in
the node, depending on the implementation.
The source behavior of VL i can be modeled by

BT
A
(q[k] − q[k − 1]) −
(q[k] − qT ) (2)
|Q|w
|Q|w

ai (t) = min[ riw (t − τib ), bw
i (t), pi ],

∀i∈N

(5)

where N denotes the set of all the VLs whose route includes the bottleneck node of interest. This model implies
that a VL transmits data at the smallest value among the
weighted explicit rates allocated by the nodes along the
route and the PFR of the VL.
The dynamics of the bottleneck queue of interest are given
by
 
f
q(t) > 0
i∈N ai (t − τi ) − µ,

(6)
q̇(t) =
f
+
[
i∈N ai (t − τi ) − µ ] , q(t) = 0.

where A and B are positive controller gains, T is the duration of update interval, Q denotes the set of locally-bottlenecked VLs at the bottleneck link and |Q|w is the weighted
cardinality of Q, where we deﬁne the weighted cardinality
as the term referring to the weighted total number of elements, or members, in a set. The weighted cardinality of Q
is the weighted total number of locally-bottlenecked VLs. It
means that, for example, A locally-bottlenecked VL having
an weight of 2 can be regarded as two links having normalized fair share in MAX-MIN fair sense. If all the VLs have a
weight value of 1, |Q|w is the number of locally-bottlenecked
VLs.
By the term an acceptable level of control, we mean that
by properly choosing the controller gains for a given roundtrip delays, one can completely control the asymptotic behavior of the closed-loop system. An explicit condition to
achieve this level of control is given in the paper. On the
other hand, the available bottleneck link bandwidth has to
be allocated in the weighted max-min fair sense to the individual VL. It is shown that this happens automatically in the
steady state by virtue of the equation (2). Another notable
feature of the proposed algorithm is the normalization of the
controller gains by the number of locally-bottlenecked VL’s
|Q|w . We show that this normalization is indeed beneﬁcial
such a way that it makes the closed-loop performance to
be virtually independent of the weighted number of locallybottlenecked VLs on a bottleneck link.

where [·]+ = max[·, 0].
The proposed ER allocation algorithm is a distributed
algorithm which runs independently and identically at each
node based on the current network state including the queue
length, q(t), the derivative of the queue length, q̇(t), and
the estimate of the weighted number of locally-bottlenecked
ˆ w . The algorithm is given by the following equations
VLs, |Q|
in continuous time.

A
B
r(t) > 0
− |Q|
ˆ w q̇(t) − |Q|
ˆ w ( q(t) − qT ),
ṙ(t) =
+
A
B
[ − |Q|ˆ q̇(t) − |Q|ˆ ( q(t) − qT ) ] , r(t) = 0
w

w

(7)
i ∈ N and
where A, B > 0. We assume that mi ≤ pi , ∀
there exists an administration which guarantees i∈N mi <
µ. Note that r(t) is the common part of per-VL ER allocations, ri (t), ∀ i, and no per-VL computation is required.
This is why this algorithm is scalable in terms of computational complexity with increasing number of VLs.
A notable feature of the proposed algorithm is the normalization of the controller gains, A and B, by the estimate
ˆ w.
of the weighted number of locally-bottlenecked VLs, |Q|
This normalization is optional, i.e., it is not absolutely necessary but it is recommended since, as will be discussed in Section 3.4, it makes the closed-loop dynamics to be virtually

3.1 Fluid Network Model
First, consider a network model in Figure 3 where we
model a single bottleneck node explicitly and the other nodes
implicitly to simplify the analysis. We then use ﬂuid ﬂow
analysis which is fairly standard [17].
Assume that the round-trip delay, τi , of a VL i, which is
4

independent of the weighted number of locally-bottlenecked
VLs on the bottleneck link.
The terms, remotely-bottlenecked VL and locally-bottlenecked VL, are deﬁned in the steady state for a given network loading. Locally-bottlenecked VLs at a bottleneck link
are deﬁned to be those VLs whose fair share is determined at
this link. In the same way, remotely-bottlenecked VLs at a
bottleneck link are deﬁned to be those VLs whose fair share
is determined at other places because either their data transfer rate is limited by their PFR or they are bottlenecked at
w
=
some other link in the path. Let ais = limt→∞ ai (t), ris
w
=
lim
b
(t).
Then,
more
formally,
limt→∞ riw (t) and bw
t→∞
is
i
the set of all the locally-bottlenecked VLs, Q, at the bottlew
}
neck link of interest is given by Q = {i|i ∈ N and ais = ris
and the set of all the remotely-bottlenecked VLs, N − Q, at
the bottleneck link of interest is given by N − Q = {i|i ∈
N and ais = min[bw
is , pi ]}.

wi

r(t)
-

3.3

p

I

(q(t) - qT) dt

0

+
}

+

- q
T

Asymptotic Stability

Suppose that there exists a neighborhood of the equilibrium point in which the followings are satisﬁed: a) b(t) =
w
bs and bw
i (t) = bis , ∀ i ∈ N , i.e., the dynamics of the
other nodes are in steady state; b) {i|i ∈ N and ai (t) =
riw (t − τib )} = Q and {i|i ∈ N and ai (t) = min[bw
is , pi ]} =
N − Q, i.e., the locally-bottlenecked VLs transmit data at
riw (t − τib ) and the remotely-bottlenecked VLs transmit data
at min[bw
is , pi ]; c) the saturation nonlinearities in (6) and (7)
are not activated, i.e., both q(t) and r(t) are positive-valued;
ˆw
d) the |Q|w -estimation process is in steady state, i.e., |Q|
is constant. Then, in this neighborhood, we can simplify the
dynamic equations (5), (6) and (7) as follows.
 w
ri (t − τib ), i ∈ Q
ai (t) =
(13)
i ∈ N − Q,
min[bw
is , pi ],

∀ i ∈ N, (8)

and qs = qT where qs = limt→∞ q(t). Since qs = qT > 0,
the buﬀer equation (6) implies that

ais = µ.
(9)

q̇(t) =

i∈N



ai (t − τif ) − µ

(14)

i∈N

By combining the equations (8), (9) and the deﬁnitions of
Q and N − Q, we obtain



wi rs +
mi +
min[bw
(10)
is , pi ] = µ
i∈Q

t

{ C (q(t) - qT) + C

Figure 4: The system model in the neighborhood R.

In this section we study the steady state characteristics of
the closed-loop dynamics when our ER allocation algorithm
is applied. Suppose that the closed-loop dynamics have an
equilibrium point at which the derivatives of the system variables are zero, i.e., limt→∞ q̇(t) = 0 and limt→∞ ṙ(t) = 0.
Let rs = limt→∞ r(t) > 0. Then, from (3), (5) and (7), we
have

i∈Q

PI controller

j

i

q(t)

t
0

Buffer

wj

3.2 Steady State and Fairness

w
w
, bw
ais = min[ris
is , pi ], ris = wi rs + mi ,

D +

+

and
ṙ(t) = −

i∈N −Q

which implies that


µ − i∈N −Q min[bw
is , pi ] −
i∈Q mi
.
rs =
|Q|w

B
A
q̇(t) −
( q(t) − qT ).
ˆ
ˆw
|Q|w
|Q|

By combining (13) and (14), we obtain

 w
q̇(t) =
min[bw
ri (t − τi ) − µ.
is , pi ] +

(11)

i∈N −Q

(15)

(16)

i∈Q

Deﬁne an error function by e(t) = q(t)−qT . By combining
(15), the diﬀerentiation of (16) and the diﬀerentiation of (3),
we obtain the following closed-loop equation

The following proposition states the result.

w
Proposition 3.1. For
i∈N mi < µ and min[bis , pi ] ≥
mi , there exists a unique steady state solution (equilibrium
point) at which (i) the queue length is equal to the target
), (ii) the available bandwidth at the
queue length (qs = qT
link is fully utilized ( i∈N ais = µ), and (iii) individual
MGRs are guaranteed at the link 
and the bandwidth subtracted by the sum of MGRs, µ − i∈N mi , is allocated in
the weighted max-min fair sense to the individual sources.
That is,



wi (µ− i∈N −Q min[bw
is ,pi ]− i∈Q mi )
+ mi , i ∈ Q
|Q|w
ais =
min[bw
i ∈ N − Q.
is , pi ],
(12)

ë(t) +

B 
A 
wi ė(t − τi ) +
wi e(t − τi ) = 0 (17)
ˆw
ˆw
|Q|
|Q|
i∈Q
i∈Q

which is a second-order retarded diﬀerential equation. The
characteristic equation of the closed-loop equation is given
by
s2 +

A 
B 
wi se−sτi +
wi e−sτi = 0
ˆ
ˆw
|Q|w i∈Q
|Q|
i∈Q

(18)

which has inﬁnite number of roots. For the asymptotic stability of the closed-loop equation (17), all the roots of the
characteristic equation (18) must have negative real parts
[3]. It is possible to ﬁnd a necessary and suﬃcient condition for exponential polynomials to have stable roots [15].
However, deriving an explicit form of such a condition is
extremely complicated especially for the case with a large
number of heterogeneous delays.

This proposition implies that when our ER allocation algorithm is applied, the closed-loop system has a unique equilibrium point at which the weighted max-min fairness with
MGR guarantee is achieved and the queue length is equal
to the target value qT no matter what the network loading
is.
5

the Nyquist stability criterion requires ω̄τ < φ where ω̄ is
ω > 0 such that |G(jω)| = 1(the point P in Figure 5) and
φ = arccos(−Re[G(j ω̄)]). The condition is more formally
stated in the following proposition.

Im

= 0-

Proposition 3.2. The closed-loop system is asymptotically stable if and only if the delay is bounded by
1
=+

0≤τ <

Re

= 0+

arccos
ω̄

Bw
ω̄ 2

(22)

= τmax

Proof. Suﬃciency: We can easily see from Figure 5 that
the Nyquist plot has a unique intersection with the unit circle
in 0 < ω < ∞. More formally, we can show that there exists
a unique ω̄ > 0 as follows.

-1

|F (jω)|2 = |G(jω)|2 =

Figure 5: Nyquist plot of G(jω).

Bw
ω2

2

+

Aw
ω

2

=1

(23)

which is equivalent to
On the other hand, by using Nyquist stability criterion,
Blanchini et al. have found an explicit form of the stability condition of the discrete-time closed-loop system which
involves PID controller used for congestion control and has
heterogeneous round-trip delays [5]. They showed that the
closed-loop system with a single source is stable if and only
if the round-trip delay is strictly bounded by a known quantity which can be obtained easily. For the case of multiple
sources, they proved that the closed-loop system is stable if
and only if the single source case is stable while the roundtrip delay is equal to the known quantity. Nevertheless,
the condition they found is hard to be applied for the controller gains directly. By appealing to this result, we ﬁnd
the asymptotic stability condition of the continuous-time
closed-loop system in an easily usable form.
Figure 4 shows the closed-loop system model associated
with a link in the neighborhood R, where (14) can be written
as



wi r(t−τi )+
mi +
min[bw
q̇(t) =
is , pi ] − µ (19)
i∈Q

i∈Q



i∈N −Q



constant

ω 4 − (Aw)2 ω 2 − (Bw)2 = 0
Since we assume the positive controller gains, the above equation has a unique solution ω̄ > 0.
This result means that once the Nyquist plot starting from
−∞2 −j∞ goes into the unit circle, it never leaves it. Therefore, if the delay is bounded by τmax , the Nyquist plot of
F (jω) does not encircle the point −1 + j0, which means the
closed-loop system is asymptotically stable.
Necessity: It can be easily shown that if τ ≥ τmax , the
Nyquist plot of F (jω) touches or encircles the point −1+j0.
Thus if the closed-loop system is asymptotically stable, the
delay is bounded as shown in (22).
However, it is diﬃcult to apply the delay bound condition
itself (22) to the design of a controller. We rearrange the
condition into an easily usable form in the following corollary.
Corollary 3.1. Let U = Aτ and V = Bτ 2 . Then the
closed-loop system is asymptotically stable if and only if



0 < U < π/2 and 0 < V < ω12 cos ω1

The constant terms in (19) can be considered as a disturbance, so we integrated them into the constant disturbance
D. For a single source case, the open-loop transfer function
is given by
F (s) =

CI
CP
+ 2
s
s



w e−τ s


where ω1 is the unique solution of U = ω sin ω for 0 < ω <
π/2.
Proof. See the Appendix.
For better understanding, we provide the stable region of U
and V in Figure 6.
We have found the asymptotic stability condition for the
case of a single source. As mentioned above, it is not a
simple problem to ﬁnd an explicit form of stability condition
for the multiple source system with heterogeneous roundtrip delays. However, we show that the stable gain for the
case of multiple sources can be easily found from (24) by
appealing to the proposition below.

(20)

G(s)

In our work, CI = B/|Q̂|w and CP = A/|Q̂|w , but we can
set CI = B and CP = A in single source case. Letting
s = jω, we obtain
F (jω) =

−

A
B
−j
ω2
ω

we−jωτ

(24)

(21)

Proposition 3.3. Consider the closed-loop system with
multiple sources in which all the delays are bounded by a
maximum delay 0 ≤ τi ≤ τmax , ∀i ∈ Q. Then, the controller
gain (A, B) is a stable gain of the multiple source system
if and only if the controller gain stabilizes the single source
system with τ = τmax .

The Nyquist plot of G(jω) is shown in Figure 5. It describes
a parabola in ω ∈ (0, +∞). By inserting the small semicircular detour {s = ejα , −π/2 ≤ α ≤ +π/2} around the
pole at the origin, we obtain an corresponding inﬁnite circle
whose phase changes from +π to −π.
Obviously, the Nyquist plot of F (jω) can be obtained if
G(jω) is rotated by ωτ in the clockwise direction. Thus

Proof. See the Appendix.
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Figure 7: Asymptotic decay rate −α as a function of
U and V

Accordingly, once the maximum of all the round-trip delays τmax is known, the stable gain for the multiple source
2
system can be obtained from A = U/τmax and B = V /τmax
where U and V satisﬁes (24).

(A, B) = 0.5/τmax , 0.1/τmax is a stable and optimal controller gain.

3.5

3.4 Principal Root and Asymptotic Decay Rate

Discrete-Time Implementation

A recommended discrete-time implementation of the proposed common ER allocation algorithm, (7), at a node is
as follows. Update the common ER periodically with an
update interval T by

In the stable region depicted in Figure 6, we ﬁnd (U, V ) at
which the asymptotic decay rate or the convergence speed
of the closed-loop system is maximized. The asymptotic decay rate is dominated by the principal eigenvalue which has
the largest real part of the system poles. Thus, the maximum asymptotic decay rate is achieved when the real part
of the principal eigenvalue is minimized. The characteristic
equation of the closed-loop system in Figure 4 is given by


A
B
2
s+
wi eτi s = 0
(25)
s +
|Q̂|w
|Q̂|w i∈Q

BT
A
(q̃[k] − q̃[k − 1]) −
(q̃[k] − qT ) ]+
ˆw
ˆw
|Q|
|Q|
(29)
where q̃[k] denotes the low-pass ﬁltered queue length, which
is estimated in terms of bytes instead of in terms of packets
because data packets have a variable size. Particularly in our
simulation studies in Section
 kT 4 we use a periodic-averaging
ﬁlter such that q̃[k] = T1 (k−1)T q(t )dt . Note that (29) corresponds to (7) as T → 0 if q̃[k] ≈ q[k]. In contrast to the
periodic computation of the common ER, we recommend
that per-VL common ER allocation be performed aperiodically upon arrival of the corresponding control packet in
either forward path or backward path depending on the implementation. That is, upon arrival of VL i’s control packet
at time t, the node writes r(t) on the CER ﬁeld of that control packet where r(t) is the present value of r[k]. Therefore,
no per-VL operation is required in our discrete-time common
ER allocation algorithm.
r[k + 1] = [ r[k] −

It is too complex to ﬁnd and minimize the real part of the
principal root of (25) since it has heterogeneous delays. Instead of investigating (25), we analyze the homogeneous delay system, i.e., the system with τi = τ, ∀i. Although this
can cause an error in the optimization, the gain (A, B) is
still a stable gain if τ ≤ τmax (τmax = maxi∈Q τi ) because
it stabilizes the system with 0 ≤ τi ≤ τmax , ∀i ∈ Q. Hence,
setting τi = τ is acceptable. Moreover, if |Q̂|w ≈ |Q|w and
s is replaced by s/τ in (25), we obtain
(26)

where U = Aτ and V = Bτ 2 .
We ﬁnd the asymptotic decay rate numerically. Suppose
that s = α + jβ, (α < 0) is a root of (26), then inserting
s = α + jβ into (26) yields
eα {(α2 − β 2 ) cos β − 2αβ sin β} + U α + V = 0
eα {(α2 − β 2 ) sin β + 2αβ cos β} + U β = 0

0.2
0

Figure 6: Stable region with respect to U and V

s2 es + U s + V = 0

0.4
0.5

|Q|w Estimation
As seen in the above, if |Q|w ≈ |Q̂|w , i.e., |Q|w is estimated
correctly, the closed-loop system is virtually independent of
|Q|w and the optimal controller gain can be found irrespective of |Q|w . Furthermore, from Appendix B, we can infer
that the overestimation or correct estimation of |Q|w enables
us to ﬁnd the stable gain of the multiple source system from
the single source case, which also means that the underestimation should be avoided since it can make the system
unstable. This is why we introduce a certain margin in the
|Q| estimator design in the next.
The basic idea of |Q|w estimation is from the Su, de Veciana and Walrand’s algorithm [17], which estimates the
number of ON sources sharing a link without per-VL accounting in ATM network. We modify the algorithm to
estimate the number of locally-bottlenecked VLs without
doing per-VL accounting.

3.6

(27)

from which we can get a biquadratic equation of β as
e2α β 4 + (2α2 e2α − U 2 )β 2 + α4 e2α − (U α + V )2 = 0 (28)
For given (U, V ) satisfying (24), we repeatedly solve (28)
by decreasing α from zero. Let αs be the value of α at
current iteration. If the solution contains a real number
βs and (αs , βs ) satisﬁes (27), αs is taken as the real part
of the principal root for given (U, V ). Figure 7 is the result of this numerical approach. The asymptotic decay rate
is maximized approximately at (U, V ) = (0.5, 0.1). Hence,
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Suppose that the jth control packet arrives at a node at
the node time tj . if the jth control packet happens to be a
control packet of VL i, it carries the value ai (tj -τif ) in the
CFR and the value mi in the MGR ﬁeld. The node monitors
the control packet arrivals in a synchronous fashion over
ﬁxed-length intervals of W seconds. For the lth interval, the
number of locally-bottlenecked VLs can be approximated by


|Q|lw =

tj ∈((l−1)W,lW ]

Table 1: Parameters for explicit rate ﬂow control
Algorithm
A

0.5
τmax

0<δ<1

(30)

|N |w

[λ|Q̂|w ((l − 1)W ) + (1 − λ)|Q|lw ],
0<λ<1

256Kbytes

30∆

300∆

Edge
Nodes

where w { · } is the indicator function of the weight, HS
is the byte size of a control packet, CF R(tj ) and M GR(tj )
respectively denote the value in the CFR ﬁeld and the value
in the MGR ﬁeld of the jth control packet, and r(tj ) is the
latest value of the common ER at time tj . And CF Rb (tj )
denotes the value of CF R(tj ) represented in terms of bytes
per sec. HS can be ignored because it is very small value
compared to NCP. Upon arrival of the jth control packet,
if the current data rate of a VL subtracted by the MGR
is greater than or equal to the latest value of common ER
at the node, the VL to which the jth control packet belongs is counted as a locally-bottlenecked VL. Otherwise, it
is treated as a remotely-bottlenecked VL. Here δ is the margin to avoid the underestimatation of the number of locallybottlenecked VLs particularly near the steady state. As the
system approaches the steady state, the current data rate
of a locally-bottlenecked VL stays around the sum of the
MGR and the common ER multiplied by the weight. Thus
without the margin δ the VL could be counted wrongly as
a remotely- bottlenecked VL even for small perturbation in
the current data rate of the VL. By having this margin,
however, one can eﬀectively avoid this type of underestimation. Through simulations, we found that δ = 0.9 is the
recommended choice. Also note that the value of the indicator function is normalized by the expected number of
control packet arrivals of the VL within W seconds, (W ·
CF Rb )/(NCP+HS), so that the summation of these values
over a W -second interval gives a correct estimate of the number of locally-bottlenecked VLs. Based on this estimate for
each interval, the recursive estimate is computed at the end
of every interval as follows.
|Q̂|w = sat1

0.1
2
τmax

|Q|w -Estimation Algorithm
W
δ
λ
0.9

0.98

(τmax =max{τi , i∈N }, ∆=one virtual packet transmission time)

NCP + HS
w{CF R(tj )
W · CF Rb (tj )

−M GR(tj ) ≥ δ · w · r(tj )},

ER Allocation Algorithm
B
qT
T

Edge
Nodes
D1

S1
L1
S2

L2

Traffic
Sources

Core
Node
L
C1
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Traffic
Sinks

C2
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Figure 8: Single bottleneck conﬁguration.
Unless speciﬁed otherwise, we use the following parameters for simulations in this section. The capacity of each
output link is equally 100Mbps. All the links except for the
link L have the propagation delay of 1ms. The propagation
delay of the link L is 10ms. The buﬀer size of the edge nodes
is 64 Kbytes and the NCP is set to 30. All the simulations
use a ﬁxed packet size of 1Kbyte unless speciﬁed otherwise.
All the sources used in this simulation are persistent. In
the case of TCP sources, they use TCP Reno algorithm and
their maximum window size is set to 64 Kbytes. To decide
the T and W , we ﬁrst deﬁne a virtual packet with the packet
size of 1000 bytes, since the explicit rate ﬂow control algorithm is operated in byte mode and a variable-sized packets
stream is regarded as a ﬁx-sized bytes stream. We obtain
T by multiplying NCP with one virtual packet transmission
time and through simulations, found W which yields stable
and eﬃcient estimation of |Q|w . In Table 1, we summarize the recommended values for the simulation parameters
in our explicit rate ﬂow control algorithm. Note that the
target queue length of an edge node is set to 128Kbytes.

(31)

where λ is an averaging factor and the saturation function ensures that 1 ≤ |Q̂|w (t) ≤ |N |w for all t. Through
simulations we found that λ = 0.98 yields stable and eﬀective estimation of |Q|w for a wide range of number of VLs
sharing a link and the available bandwidth, irrespective of
the choice of W .

4.1

Single Bottleneck Scenario

We ﬁrst consider the single bottleneck conﬁguration, shown
in Figure 8. If we consider the propagation delay between
ingress and egress node and the maximum queueing delay(i.e., 256Kbytes/100Mbps  21ms), τmax is roughly 45
ms. The VL models used in this simulation conﬁguration
are summarized in Table 2. Note that we vary the MGR
value, and the arrival and departure times of the VLs in
order to investigate the impact of the diﬀerences in MGR,
and the transient activities on the network performance.

4. SIMULATION RESULTS
In this section, we use simulations to verify and demonstrate the performance of our scheme as described in the
previous sections. All the simulation are performed in the
ns − 2[1] environment. We consider two diﬀerent network
conﬁgurations to perform the simulations, the single bottleneck conﬁguration and the multiple bottleneck conﬁguration
with multiple bottleneck links, which are fairly standard.

4.1.1

Support for weighted max-min fairness

We establish one VL to each edge node for the convenience
of simulation and the bottleneck link L is shared by six VLs,
8

Table 2: VL Models in the single bottleneck conﬁguration.
VL#
VL1
VL2
VL3
VL4
VL5
VL6

PFR
(Mbps)
100
100
100
100
100
20

MGR
(Mbps)
5
5
5
10
10
10

Arr.
(sec)
0
0
0
50
0
25

Dept.
(sec)
∞
∞
∞
∞
∞
75

Table 4: the fair rates satisfying the max-min fairness with minimum guaranteed bandwidth in the
single bottleneck conﬁguration.

Weight
Case I
Case II
1
1
2
1
3
1
1
1
1.5
1
2.5
1

VL#
VL1
VL2
VL3
VL4
VL5
VL6

Table 3: the fair rates satisfying the weighted maxmin fairness with minimum guaranteed bandwidth
in the single bottleneck conﬁguration.
VL#
VL1
VL2
VL3
VL4
VL5
VL6

0∼25
15/15.11
25/25.03
35/34.72
25/24.99

Fair rate/Actual rate
25∼50
50∼75
12.33/12.36
10.29/10.28
19.67/19.70
15.59/15.56
27/26.89
20.88/20.83
15.29/15.28
21/20.93
17.94/17.92
20/19.96
20/19.97

4.1.2

0∼25
23.75/23.76
23.75/23.80
23.75/23.74
28.75/28.56

Fair rate/Actual rate
25∼50
50∼75
18.75/18.72
14.17/14.15
18.75/18.74
14.17/14.15
18.75/18.74
14.17/14.15
19.17/19.12
23.75/23.69
19.17/19.14
20/19.98
19.17/19.13

75∼∞
18/18.03
18/18.03
18/18.03
23/22.88
23/22.89

Support for max-min fairness

This simulation shows that max-min fair bandwidth allocation is achieved if all the VLs have the same weight. Each
VL has the weight value of case II in Table 2.
For comparison purpose, we have computed the theoretical fair rates satisfying the max-min fairness with minimum
rate guarantee for the given simulation scenario based on
Proposition 3.1, and include the results in Table 4. Table
4 also includes the actual rate of each VL averaged over a
10sec interval of all the transient period.
Observe from Figure 9(j) and actual rates given in Table
4 that the actual source transmission rates perfectly agree
with the theoretical fair rates given in Table 4. The queue
length at the bottleneck node, C1, is shown in Figure 9(h).
The join of VL6 at 25 sec and VL4 at 50 sec results in
the surge of the queue length and the leave of VL6 at 75
sec results in the sudden drop of the queue length. The
ﬂow control algorithm, however, rapidly recovers the queue
length to the target value qT and restabilizes it at the value.
Figure 9(g) shows the estimate of the weighted number of
locally bottlenecked VLs, |Q̂|w (t), at the node C1. Note
that except the initial transient period this estimate perfectly agrees with the true value, |Q|w (t), which is shown
to be 4 in [0, 50) sec, 6 in [50, 75) sec, and 5 in [75, ∞) sec
in Table 2.

75∼∞
12.65/12.64
20.29/20.25
27.94/27.89
17.65/17.65
21.47/21.42

N=6. Each VL has the weight value of case I in Table 2.
The traﬃc sources attached to each VL consists of 50 TCP
ﬂows.
For comparison purpose, we have computed the theoretical fair rates satisfying the weighted max-min fairness with
minimum rate guarantee for the given simulation scenario
based on Proposition 3.1, and include the results in Table
3. Table 3 also includes the actual rate of each VL averaged
over a 10sec interval of all the transient period. Observe
that the fair rate of each VL varies in time according to the
arrivals and departures of the other VLs and that the VL6
are bottlenecked at the core node C1.
Figure 9 shows the simulation results with single bottleneck conﬁguration. The units of the fair rates are Mb/s
and the units of arrival and departure times are in seconds.
Observe from Figure 9(e) and actual rates given in Table
3 that the actual source transmission rates perfectly agree
with the theoretical fair rates given in Table 3. The initial transient behavior is due to our initial condition that
r(0) = 0 at both C1 and C2, i.e., it takes a time for the
common ER value to ramp up to the operating point. The
queue length at the bottleneck node, C1, is shown in Figure
9(d). The join of VL6 at 25 sec and VL4 at 50 sec results in
the surge of the queue length and the leave of VL6 at 75 sec
results in the sudden drop of the queue length. The ﬂow control algorithm, however, rapidly recovers the queue length
to the target value qT (=256 Kbytes) and restabilizes it at
the value. Figure 9(a) shows the estimate of the weighted
number of locally bottlenecked VLs, |Q̂|w (t), at the node
C1. Note that except the initial transient period this estimate perfectly agrees with the true value, |Q|w (t), which is
shown to be 7.5 in [0, 50) s and 8.5 in [50, ∞) s in Table 2.
Figure 9(f) shows the normalized throughputs of all the
TCP ﬂows belonging to each VL. The TCP ﬂows share
its per-aggregate bandwidth allocated in their normal way.
However, the unfairness results from random drop in peraggregate queue. Figure 9(b) shows the buﬀer occupancy
and packet drops in per-aggregate queue and the packet that
arrives at a full buﬀer is dropped with drop-tail.

4.1.3

Impact of different number of microflows

This simulation shows that weighted fair bandwidth allocation is independent of the number of microﬂows belonging
to each aggregate ﬂow. In this scenario, there are four aggregate ﬂows with all 10Mbps of MGR. Aggregate ﬂow 1
contains 50 TCP ﬂows while the number of TCP ﬂows in
the other aggregate ﬂows equally varies from 20 to 100. Aggregate ﬂow 1 and 2 have a weight of 1, aggregate ﬂow 3 has
a weight of 2, and aggregate ﬂow 4 has a weight of 3. Figure 10 shows normalized bandwidth of four aggregate ﬂows
averaged over 10 sec. The result shows aggregate ﬂow 1 and
other aggregate ﬂows obtain their own fair rate regardless
of diﬀering the number of microﬂows.

4.1.4

Impact of different packet size

The aggregate ﬂow that is sending larger packets will obtain more of the available bottleneck bandwidth, since congestion windows of its TCP ﬂows grow more quickly. In this
simulation, we shows that weighted fair bandwidth allocation is independent of the packet size of microﬂows belonging to each aggregate ﬂow. In this scenario, there are four
aggregate ﬂows with all 10Mbps of MGR. Aggregate ﬂow 1
transmits 512-byte packets while the packet size of the other
three aggregate ﬂows equally varies from 128 bytes to 1500
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Figure 9: Performance of the single bottleneck conﬁguration. I. Case of weighted max-min: (a) Estimate of
the weighted number of locally-bottlenecked VLs at C1. (b) Queue length at the per-aggregate queue of S1.
(c) Common ER at the C1. (d) Queue length at the C1. (e) The allocated bandwidth of all the VLs. (f ) The
normalized bandwidth of all the TCP ﬂows. II. Case of MAX-MIN: (g) Estimate of the weighted number of
locally-bottlenecked VLs at C1. (h) Queue length at C1. (i) Common ER at C1. (j) The allocated bandwidth
of all the VLs.

10

Normalized Bandwidth

2

Traffic
Sources

AF1
AF2
AF3
AF4

1.5

1

ingress

0.5

S4

S3

D1

S1

0
20

30

40

50
60
70
80
Number of Microflows

90

C1

100

C2

C3

Figure 10: Impact of number of microﬂows

Normalized Bandwidth

2

Traffic
Sources

AF1
AF2
AF3
AF4

1.5

ingress

S5

S6

C5
D8

egress

Traffic
Sinks

Traffic
Sources

1

Figure 13: Multiple bottleneck conﬁguration.
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shown in Figure 13, to study the case of multiple bottleneck nodes and VLs with diﬀerent round-trip delays. Each
edge node has one VL which contains 50 TCP ﬂows. Eight
VLs with diﬀerent edge node locations are contained and
the capacity of all the links is set equally 100 Mb/s, except
that the link between C3 and C4 is 60 Mb/s. The link delay between C3 and C4 is 10ms and the link delay of the
other links are 1ms. The VL models used in this simulation
conﬁguration are summarized in Table 5 and all the TCP
sources are assumed to be persistent.
For comparison purpose, we also computed the theoretical fair rates satisfying the weighted max-min fairness with
MGR guarantee for the given simulation scenario, we also
include the theoretical bottleneck location of each VL in the
table, which is the location at which each fair rate is determined. Figure 14 shows the simulation results. Observe
from Figure 14(e), 14(f) that the actual transmission rates of
edge nodes in steady state perfectly agree with the theoretical fair rates given in Table 5, irrespective of their round-trip
delays and the bottleneck locations. The initial transient behavior is due to our initial condition that r(0)=0 at all the
core nodes, which is again a phenomenon that hardly occurs
during the normal operation. In the given scenario, there are
two congested nodes, C3, C4. As expected, the queue length
at these congested nodes converges to the target value, 256
packets, which is shown in Figure 14(c), 14(c). Figure 14(b)
shows the estimate of the weighted number of locally bottlenecked VLs, |Q̂|w (t), at the C3 and C4, respectively. We
see that in the steady state the estimate stay around 6.5 and
3 at C3 and C4, respectively, which agree with the data in
Table 5.

1500

Packet Size(bytes)

Figure 11: Impact of packet size
bytes. Aggregate ﬂow 1 and 2 have a weight of 1, aggregate
ﬂow 3 has a weight of 2, and aggregate ﬂow 4 has a weight
of 3. Figure 11 shows that aggregate ﬂow 1 and the other
aggregate ﬂows ﬂows obtain its own fair rate regardless of
diﬀering packet sizes.

Protection of TCP flows from UDP flows

In this simulation, we shows that TCP ﬂows can be protected from UDP ﬂows in our scheme. In this scenario, there
are four aggregate ﬂows without MGR. Aggregate ﬂow 1
contains one UDP ﬂow with its sending rate increasing from
2Mbps to 24 Mbps while the other three aggregate ﬂows
consist of 50 TCP ﬂows. Aggregate ﬂow 1 and 2 have a
weight of 1, aggregate ﬂow 3 has a weight of 2, and aggregate ﬂow 4 has a weight of 3. Figure 12 shows the bandwidth
of each aggregate ﬂow averaged over 10 sec. As the UDP
rate increases, the bandwidth of TCP aggregate ﬂows decrease because unused bandwidth of UDP ﬂow is reduced.
However, the UDP bandwidth is restricted to its own fair
share, i.e., 14.28 Mbps.

4.2 Multiple Bottleneck Scenario
Finally, we study the multiple bottleneck conﬁguration,
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We expect the initial deployment of the proposed scheme
to be within large transit networks and then its deployment
may also be extended to the smaller networks, such as campus network and corporate’s network. Especially, Virtual
Private Network(VPN), Voice over IP(VoIP) trunking, and
Virtual LAN(VLAN) based on the proposed scheme will be
able to provide better enhanced service to their customers.
As studied in [6], we know the unfairness and congestion
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Figure 14: Performance of the multiple bottleneck conﬁguration: (a) Estimate of the weighted number of
locally bottlenecked VLs at C3. (b) Estimate of the weighted number of locally bottlenecked VLs at C4. (c)
Queue length at C3. (d) Queue length at C4. (e) The allocated bandwidth of VLs bottlenecked at C3. (f )
The allocated bandwidth of VLs bottlenecked at C4
competition between the controlled ﬂows and uncontrolled
ﬂows may result in unfair bandwidth allocation of the controlled ﬂows. Even though this problem can be avoided by
allocating a special queue with a speciﬁed bandwidth at the
core nodes as addresses in [7], such solution may require the
more complexity and per-ﬂow operation at the core nodes.
In our scheme, bandwidth allocation of individual microﬂows relies on the end-to-end user protocol, such as TCP
congestion control and TCP friendly rate control(TFRC).
we will extend our approach from edge-to-edge to end-toedge to provide weighted max-min fair bandwidth allocation
and minimum rate guarantee for the individual ﬂows which
constitute an aggregate ﬂow. Such work requires the addition of two functionalities only in an edge node, the addition
of explicit rate ﬂow control algorithm at the input port to
control the buﬀer occupancy of per-aggregate queue, and the
addition of the explicit window adaptation scheme already
studied by [11, 10], which is based on modifying the receiver’s advertised window in TCP acknowledgement(ACK)
returning to the TCP sender. We expect the explicit window adaptation scheme can control the buﬀer occupancy of
the per-aggregate queue eﬃciently at the edge node, and results in signiﬁcant improvement in packet loss rate, fairness,
and goodput.

Table 5: VL Models in the multiple bottleneck conﬁguration.
VL#

PFR

VL1
VL2
VL3
VL4
VL5
VL6
VL7
VL8

100
100
100
100
100
10
10
100

MGR
(Mbps)
0
5
0
5
0
5
5
0

Weight
1
1.5
1
2
1
2.5
1
3

Fair share/
Actual rate(Mbps)
6.15/6.19
14.23/14.15
6.15/6.19
17.3/17.17
6.15/6.19
10/10
10/10
30/29.94

Bottl.
C3
C3
C3
C3
C3
PFR
PFR
C4

collapse problem happens when TCP and UDP ﬂows compete for given bandwidth, given nodes with FIFO scheduling. In our scheme, UDP ﬂows can be separately handled
in the per-aggregate queues, as experiments in [13], which
used dedicated TCP trunks for UDP ﬂows, because UDP
ﬂows do not perform congestion control by themselves.
The packet drops occurs only at the edge nodes because
our scheme pushes the queueing beyond target queue length
at the interior network out to the edge nodes. Even if not in
our scheme, each edge node can employs queue management
scheme, such as RED, FRED, to manage its per-aggregate
queue.
We assume the controlled aggregate ﬂows can not be mixed
together with uncontrolled ﬂows. The reason is why the

6.

CONCLUSIONS
In this paper, we present a new scheme which supports
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per-aggregate QoS between pair-edges for the Internet. Edge
nodes regulate the transmission rate of the aggregate ﬂows
using the explicit feedback rate from the network. Core
nodes compute the common explicit rate using the explicit
rate based ﬂow control algorithm.
The proposed scheme has the following features: 1) It provides QoS for aggregate ﬂows rather than individual ﬂows.
Accordingly, It can provide relatively diﬀerent levels of service to each aggregate ﬂow. 2) It employs edge-to-edge
closed loop control mechanism between ingress node and
egress node, which uses the virtual link concept we deﬁned.
3) It is stateless-core approach in that no per-aggregate ﬂow
state is maintained at the interior network. Besides, it places
only simple functionality within the network core, with more
complex operations being implemented at the edge of the
network. It also pushes the interior network congestion out
to the network edges 4) It supports weighted max-min fair
bandwidth allocation among aggregate ﬂows and guarantees
the minimum rate of each aggregate ﬂow within the network.
5) we use a simple, scalable, and stable explicit rate allocation algorithm to operate the weighted max-min ﬂow control
with minimum rate guarantee among edges. The bandwidth
allocated to each aggregate ﬂow and network queues are
asymptotically stabilized at the unique equilibrium point
at which the weighted max-min fair bandwidth allocation
with minimum rate guarantee and target queue length are
achieved.
Based on all of the above key features, The proposed
scheme enables diﬀerent levels of service to be provided for
aggregate traﬃc streams on a common network infrastructure. Accordingly, we believe that the proposed scheme will
serve as an enhanced solution to provide edge-based besteﬀort service for the Internet. The simulation results show
that our scheme can perform the excellent bandwidth allocation for the aggregate ﬂows based on weighted max-min
fairness.
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APPENDIX
A.

THE PROOF OF COROLLARY 4.1

Proof. For given τ and A, denote B ∗ by the maximum
.
value of B satisfying τ ≤ arccos(Bw/ω̄ 2 )/ω̄ = h. We can see
through diﬀerentiation that h is a monotonically decreasing
function of B, thus B = B ∗ when τ = arccos(Bw/ω̄ 2 )/ω̄ and
B < B ∗ should be satisﬁed for the stability. Let ω1 = ω̄τ .
Then, we obtain ω1 = arccos(B ∗ w/ω̄ 2 ) and consequently, we
can set sin ω1 = Aw/ω̄ by (23). Noting that 0 < ω1 < π/2,
we can derive (24) as follows.
0 < Aτ = ω1 Aw
= ω1 sin ω1 < π2
ω̄
∗
2
2 Bw
0 < Bτ = ω1 ω̄2 < ω12 Bω̄2w = ω12 cos ω1
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(32)

Im

B
C

0 and ω̂τ ≤ ω̄τ < π, that is, ∠F (j ω̂) < 0. In the case of
Re[F (j ω̂)] < −1, we can summarize as

∠F (j0+ ) = −π



∗

 ∠F (jω ) > −π
∠F (j ω̂) = −π
(36)


∠F (j ω̄) > −π



) = −π
limn→∞ ∠F (j (2n+1)π
τ

Im

1

1
Re

A

Re

F( j )
G( j )S

-1
(a)

-1

which implies that there are at least 3 local extrema. However, the phase function and its derivative

(b)

Figure 15: Nyquist diagram of F (jω) - (a) Not possible. (b) Possible.

 
−
∠F (jω) = arctan −r
qω
(∠F (jω)) = q2 ωqr
2 +r 2 − τ

where ω1 is the unique solution of Aτ = ω sin ω for 0 <
ω < π/2. Suﬃciency can be proven similarly.


V (ω) =





ρi ≤ 1, 0 ≤ τi ≤ τmax
z = F (jω, ρi , τi ) 

i∈Q

The multiple source system is asymptotically stable ∀ρi , τi
if and only if the two conditions below are met.

because CI = B/|Q̂|w and CP = A/|Q̂|w in our work. If
|Q|w is overestimated or correctly estimated, i.e., |Q̂|w ≥
|Q|w , (33) is obviously included in the following equation.

G(s)

(37)

Lemma B.2. For given ω, deﬁne the set V (ω) as follows

For the multiple source case shown in Figure 4, the openloop transfer function is given by

A 1
B 1 
wi e−τi s
(33)
F (s) =
+
|Q̂|w s
|Q̂|w s2 i∈Q

A
B 
ρi e−τi s
+ 2
s
s


 i∈Q




− ωτ

show that there are at most one extremum. It contradicts our assumption, therefore Im[F (jω)] < 0 for 0 < ω ≤
ω̄.

B. THE PROOF OF PROPOSITION 3.3

F (s) =

π
2

(i) There exists a choice of ρi and τi such that the multiple
source system is asymptotically stable.
(ii) V (ω) does not include −1 + j0 for all ω ∈ [0, ∞].

(34)

Proof. See [2].

Z(s)

Proof. Suﬃciency of Proposition 3.3: (i) is selfevident since we are proving the suﬃciency of Proposition
3.3. Now, the proof of the proposition is completed if (ii) is
satisﬁed. Deﬁne a convex set Sωτmax by


where ρi ≥ 0 and i∈Q ρi = 1. Note that ρi = wi /|Q̂|w in
our work.
Setting s = jω yields

, Z(jω) =
ρi e−jωτi
G(jω) = − ωB2 − j A
ω
(35)
i∈Q
F (jω) = G(jω)Z(jω)

Sωτmax = {z ∈ C : |z| ≤ 1, −ωτmax ≤ ∠z ≤ 0}
For Z(jω) in (35), it is intuitively noticed that Z(jω) ∈
Sωτmax . In addition, V (ω) ⊂ G(jω)Sωτmax , ∀ρi , τi because we
have

Proof. Necessity of Proposition 3.3: If the controller

gain stabilizes the multiple source system with ρi ≥ 0, i∈Q ≤
1, it also stabilizes the system when τ1 = τmax , ρ1 =
1, and ρi = 0 ∀i ≥ 2. Thus the necessity is proved.

F (jω, ρi , τi ) = G(jω)Z(jω) ∈ G(jω)Sωτmax
G(jω)Sωτmax is bounded by F (jω) = G(jω)e−jωτmax and
G(jω), and can be deﬁned by

To prove suﬃciency, we need the following two lemmas
Lemma B.1. Assume that the single source system is asymptotically stable. Let ω̄ be a unique ω such that |F (jω)| = 1,
then Im[F (jω)] < 0 for 0 < ω ≤ ω̄.
Proof. There exists ω ∗ (the point C in Figure 15(a)) such
that Re[F (jω)] < 0 and Re[F (jω)] < 0 for 0 < ω < ω ∗
because F (jω) → −∞ − j∞ as ω → 0+ . We assume that
the system is stable, and then there is a unique solution, ω̄,
of the equation |F (jω)| = 1 by Proposition 3.2. Note that
ω̄ is the point A in Figure 15(a). Thus we need to prove
Im[F (jω)], ω ∗ ≤ ω ≤ ω̄. By contradiction, suppose that
there exists ω satisfying Im[F (jω)] = 0 and denote by ω̂ its
minimum value (the point B in Figure 15(a)). Obviously, we
have |F (j ω̂)| > 1, and there are two cases, Re[F (j ω̂)] > 1
and Re[F (j ω̂)] < −1. If Re[F (j ω̂)] > 1, then ∠F (j ω̂) = 0.
This is not possible because from (21) we have Im[G(j ω̂)] <
14

G(jω)Sωτmax = {z|∠F (jω) ≤ ∠z ≤ ∠G(jω), |z| ≤ |G(jω)|}
For better presentation, G(jω)Sωτmax is shown in Figure
15(b). For ω̄ < ω ≤ ∞, |G(jω)| < 1 which implies that
G(jω)Sωτmax always stays in the interior of the unit circle.
Consequently, V (ω) is also in the interior of the unit circle
because V (ω) ⊂ G(jω)Sωτmax . For 0 < ω ≤ ω̄, Im[F (jω)] <
0 by Lemma B.1 and Im[G(jω)] < 0, thus we obtain Im[G(j
ω)Sωτmax ] < 0 which means that G(jω)Sωτmax does not include −1 + j0. For ω = 0, V (ω) is at inﬁnity. We have
shown that the value set V (ω) does not include −1 + j0 for
ω ∈ [0, ∞]. Therefore, the gain (A,B) stabilizes the multiple
source system if it stabilizes the single source system with
τ = τmax .

